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Abstract. We consider complete (possibly non-compact) three dimensional 
Riemannian manifolds (M,g) such that: a) (M,g) is non-collapsed (i.e. the 
volume of an arbitrary ball of radius one is bounded from below by v > ) 
b) the Ricci curvature of (M,g) is bounded from below by k, c) the geometry 
at infinity of (M,g) is not too extreme (or (M,g) is compact). Given such 
initial data (M, g) we show that a Ricci flow exists for a short time interval 
[0, T), where T = T(v, k) > 0. This enables us to construct a Ricci flow of any 
(possibly singular) metric space (X, d) which arises as a Gromov-Hausdorff 
limit of a sequence of 3-manifolds which satisfy a), b) and c) uniformly. As a 
corollary we show that such an X must be a manifold. This shows that the 
conjecture of M.Anderson-J.Cheeger-T.Colding-G.Tian is correct in dimension 
three. 

1. Introduction and statement of results 
A smooth family of metrics (M, <?(i))te[o,T) lS a solution to the Ricci flow if 
J^(t) = -2Ricci(<7(t)) Vie [Q,T). 

We say that this solution has initial value go if g(-,0) — go(-). The Ricci flow was 
introduced by R. Hamilton in [24) and has led to many new results in differential 
geometry and topology : see for example [35],0D], [3J, 03J , [3B] , [BJ , [3DJ , [35] [H]. For 
very good expositions of the papers of G.Perelman ([39JI40]) and parts thereof see 
[7], [5DJ[5T], [33J and 02J and [IB]. 

In this paper we define a Ricci flow for a class of possibly singular metric spaces, 
elements of which arise as Gromov-Hausdorff limits of sequences of complete, non- 
collapsed manifolds with Ricci curvature bounded from below. 

More specifically, we consider the class of smooth, complete Riemannian mani- 
folds (M, g) which satisfy 

(a) Ricci(g) > k 

(b) vol( 9 Si(a;)) > v a > for all x € M 

It is well known, see [23], that every sequence of smooth Riemannian manifolds 
satisfying (a) contains a subsequence which converges with respect to the Gromov- 
Hausdorff distance to a possibly singular metric space (M, d) (see 0] for a definition 
of Gromov-Hausdorff distance: this distance is a weak measure of how close metric 
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spaces are to being isometric). With the expression 'possibly singular' we mean two 
things: 

• it is possible that the limiting space (M, d) is no longer a manifold (see 
Example 11.11 below) and 

• it is possible that the resulting metric d is not smooth, even if M is a 
manifold (see Example 11.21 below) . 

Example 1.1. (M.Anderson) This example is from M.Anderson (see section 3 of 
PQ). In the paper [TS] T.Eguchi and A.Hanson construct a four dimensional Rie- 
mannian manifold (M 4 , h) where M = TS 2 and Ricei(/i) = everywhere. Asymp- 
totically (far away from some base point) the Riemmanian manifold looks like a 
cone over MP 3 . More explicitly: if we rescale the metric, (Mi, hi) := (M, ih), 
then Ricci(/ij) = 0, vol(B 1 (x), h t ) > v Q for all j 6 N and (Mi,d(hi)) -> (N, I) as 
i -> oo where N = (Rg x RP 3 )/({0} x RP 3 ) with the quotient topology, where 
l((r,x),(s,y)) := y/r 3 + s 2 - 2rs cos(j(x. yfj for all r, s G Rq and all x, y € RP 3 
and 7 : MP 3 x MP 3 -»■ R+ is the standard distance on RP 3 . In particular, N is not 
a manifold. 

Example 1.2. Let (M n ,h) be a non-negatively curved smoothed out cone over 
S"- 1 . That is, we give M™ = R" = (R+ x § ,l - 1 )/({0} x S™" 1 ) a smooth metric h 
such that sec(/i) > everywhere and h(r, a) = dr 2 © cr 2 7(a) for r > 1 and some 
constant < c < 1, 7 the standard metric on 5 f,i_1 . Let (Mi, hi) := (M, i/i). 
Clearly vol(Si(x), hi) > «o for some «o > and all i € N, all x € Mj. Also, 
(Mi,d(hi)) -> (M,Z) where i((r, x), (s, y)) := ^r 2 + s 2 - 2rs 003(^^(2;, 2/)) for 
all r,s 6 lj and all x,y G S'^ 1 and ^ : S™" 1 x S"^ 1 -> M+ is the standard 
distance on S n_1 . The distance I : M x M — > R is then continuous, but not 
diffcrentiable everywhere. For example: if p = (1,0, ... , 0), g(x) = (0, x, 0, . . . , 0) G 
R™ in euclidean coordinates, then f(x) := l 2 (p,q(x)) = l + \x\ 2 ~ 2\x\ cos(y / c(7r/2)) is 
continuous in a; = but not diffcrentiable there (since s/c < 1 =^> cos(y / c(7r/2)) 7^ 
0). 

Remark 1.3. Any metric space (M, d) which arises as the GH limit of a sequence 
of two dimensional Riemannian manifolds satisfying (a) and (b) is itself a manifold. 

This is because: in dimension two Ricci > — k 2 ==>• sec > —2k 2 . Then a 
Theorem of G.Perelman says that (M,d) is a manifold: see [32] . 

So we see that in dimension two any metric space (M , d) which arises as the GH 
limit of a sequence of Riemannian manifolds satisfying (a),(b) must be a manifold, 
and in dimension four, there are examples where such (M, d) 's are not manifolds. 
It is a conjecture of M.Anderson-J.Checger-T.Colding-G.Tian (see the introduction 
of [10]), that 

Conjecture 1.4. (M.Anderson-J.Cheeger-T.Colding-G.Tian ) Any metric space 
(M, d) which arises as the GH limit of a sequence of three dimensional Riemannian 
manifolds satisfying (a) and (b) is itself a manifold. 

In this paper we obtain as a consequence of one of our main theorems (Theorem 
19.21 in this paper) that this conjecture is correct, if each of the manifolds occuring 
in the sequence is compact or we demand that the geometry at infinity is controlled 
in a certain sense (see condition (c) and c below) . That is we will assume that each 
of the manifolds (M, g) occuring in the sequence satisfy additionally 
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(c) sup M |Riem(g)| < oo (bounded curvature) 

or 

(c ) Let / : M — *■ K be the exponential function composed with its self m- 
times, and p : M — > the distance function from a fixed base point b, 
p(x) :— dist(x,6). We assume that 

(c~i ) p : M — Bn(b) — > R is smooth for sonic R> 0, and fc — concave there, 
that is 

V 2 p < k, 

on (M - Br(6)) and 

(c 2 ) 

lim ( sup |Riem(x)|//(r)) = 0. 

r ^°° xeB r (b) 

Remark 1.5. Note that condition (c) is trivially satisfied if M is compact. 

Remark 1.6. Assume (62) is satisfied for some m G N, and that the sectional 
curvatures of (M,g) are larger than —I on M and that cut (b) fl (M — BrQ))) = 
for some R > 0. Then condition (c\) is satisfied for some k — k(n,l) and some 
larger m (depending on the initial m), as as one sees using the hessian comparison 
principle (see for example chapter 1 of |44j ). 

Under these restrictions, we obtain that the conjecture of Anderson-Cheeger- 
Colding-Tian is correct. That is, we prove: 

Theorem 1.7. Let (X, dx) be a metric space arising as the GH limit of a seqeunce 
of three dimensional Riemannian manifolds (Mi,gi), i 6 N each of which satisfies 
(a), (b) and (c) or each of which satisfies (a), (6) and (c). Then X is a three dimen- 
sional manifold. If furthermore each of the (Mi,gi) has diameter bounded above by 
a uniform constant do < 00 , then Mi is diffeomorphic to X for all i sufficiently 
large. 

Remark 1.8. In the case that all manifolds in the sequence above satisfy a two 
sided Ricci curvature bound, |Ricci| < k 2 , a bound on the integral of the curvature 
tensor J M |Riem| 3 / 2 < D and (b) is satisfied, M.Anderson also proved that the limit 
space X is a manifold: see Corollary 2.8 in [2]. Later, Cheeger-Colding-Tian (see [8] 
Theorem 1.15) proved that the singular set of the limit space (X, dx) is empty, if all 
manifolds occuring in the sequence above satisfy (a),(b) and j-Bi(x) |Ricm| 3 / 2 < D 
for all balls of radius one. The condition J M |Riem| 3 / 2 < D prohibits non-flat cones 
over spheres occuring in (X, d) . Theorem \ 1. 7| allows the occurence of such cones. 

The method we use to prove this theorem is as follows. Let (Mi,<?j(0)) be a 
sequence of manifolds satisfying (a),(b) and (c). We flow each of the (Mi,gi(0)) by 
Ricci flow to obtain solutions (Mi, <7i(i))te[o,T;) ■ Then we prove uniform estimates 
(independent of i) for the solutions. Once we have these estimates, we are able to 
take a limit of these solutions, to obtain a new solution (M, <7(t))t e (o,T) where M is 
some manifold. This solution will also (by construction: it is a smooth limit) satisfy 
similar estimates to those obtained for (Mi, gi(t))te[o,Ti)- Using these estimates, we 
show that (M,d(g(t))) — > (X, dx) in the Gromov-Hausdorff sense as t \ 0, and 
that in fact X is diffeomorphic to M. The most important step in this procedure 
is proving uniform estimates for the solutions (Mi, gi(t))t^[o,Ti)- The case that the 
(M, <7i(0)) satisfy (a),(b) and (c) is reduced to the case that the (M, gi(Q)) satisfy 
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(a),(b) and (c) by a conformal deformation of the starting metrics (which leave the 
starting metrics unchanged on larger and larger balls as i — > oo: see chapter 7 for 
details). 

The estimates we require to carry out this procedure are obtained in the following 
theorem (see Theorem 19. II) . 

Theorem 1.9. Let k £ R, < t>o £ K } m € N and (M, go) be a three (two) manifold 
satisfying (a),(b) and (c) with constants k, vq and m respectively. Then there exists 
aT = T{vQ,k,m) > and K = K(vo,k,m) > and a solution (M, ff(t))te[o.T) t° 
Ricci-flow satisfying 

(at) Ricci( 5 (t)) > -K 2 V t € (0, T) 

(b t ) vo\{B x (x,t)) > f > Vx e M, V t € (0,T). 

(c t ) sup M |Riem(5(t))| < ^ V t e (0,T) 
(d t ) e K2 (*- s )d(p, g, s) > d(p, g, t) > d(p, q, s) -K 2 {V~t- ^7s) 
for allO < s<t£ (0, T) 

(note that these estimates are trivial for t = 0). 

Remark 1.10. A similar result was proved in the paper 48J (see Theorem 7.1 
there), under the extra assumptions that [M, go) has diam {M,go) < do < oo and 
Ricci(go) > ~ £o{do, vq) where e(do, vq) > is a small constant depending on do and 

To help us prove Theorem 11.91 we prove estimates on the rate at which the 
infimum of the Ricci curvature can decrease, and on the rate at which the distance 
function and volume of such a solution can change (see Lemma RTT1 and lrO|) . As an 
application of Theorem 1 1.91 and these estimates we get ( Theorem I9.2l in this paper). 

Theorem 1.11. Let k,VQ,m € R be fixed. Let (Mi, go) be a sequence of three (or 
two) manifolds satisfying (a),(b),(c) or (a),(b),(c), (with constants k,VQ,m indepe- 
dent of i) and let (X,d,x) = limj_ >00 (Mi, d( go), xi) be a pointed Gromov-Hausdorff 
limit of this sequence. Let (Mi, g(t))t&\o,T) be the solutions to Ricci-flow coming 
from the theorem above. Then (after taking a sub-sequence if necessary) there exists 
a Hamilton limit solution (M, g(t), x) tg (o,T) := fim^oo(Mi, g(t), Xi)t£(o,T) satisfy- 
ing (a t ) , (h t ) , (c t ) , (d t ) , and 

(i) (M , d(g(t)) , x) — * (X,d,x) in the Gromov-Hausdorff sense as t — * 0. 

(ii) M is diffeomorphic to X . In particular, X is a manifold. 

As a corollary to this result and Lemma 15.11 we obtain the following corollary 
(Corollary [H3] in this paper). 

Corollary 1.12. Let (Mi, g ),i € N be a sequence of three (or two) manifolds 
satisfying (b), (c) or (b),(c), and 

* * 1 
Ricci(M i; g ) > --. 

Let (X,dx) = GH\im.i^ oo (Mi,d(g )) (notation GHlim refers to the Gromov Haus- 
dorff limit). Then the solution (M,g(t),x) t tz(o,T) obtained in Theorem X 1 . 1 1\ satisfies 

Ricci(s(t)) > 

for all t £ (0,T) and (X,dx) is diffeomorphic to (M,g(t)) for all t £ (0,T). In 
particular, combining this with the results of W.X.Shi [46] and R.Hamilton[2]Q, we 
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get that (X, dx) is diffeomorphic fo I 3 , § 2 x R or S 3 modulo a group of fixed point 
free isometries in the standard metric. 

2. Previous results 

We present here some previous results related to Ricci flow of non-smooth met- 
rics. 

In the paper [47], the Ricci flow of continuous metrics is considered. Estimates 
similar to those in Theorem 11.91 are proved. 

In the paper [T3] Kahler Ricci flow of L°° Kahler metrics is considered, estimates 
similar to (a)t of Theorem 11.91 are proved. 

In the paper [54] the Author considers the Ricci flow of initial metrics which 
satisfy ( uniformly) an L n l 2 bounds on the curvature, an LP bound on the Ricci 
curvature (p > (n/2)) and a volume and diameter bound. He proves using Moser 
iteration, that estimates similar to (a)t of Theorem 11.91 hold under the Ricci flow 
of such a metric. 

In the paper [11], the class of metrics with | Ricci | < 1 and conjugate radius bigger 
than ro is considered. The authors prove estimates similar to (a) t of Theorem 11.91 
once again using moser iteration. 

In the paper [39] , the author proves an estimate of the form (a)t of Theorem 
11.91 under the assumtion that all neighbourhoods are alomost euclidean, and the 
scalar curvature is bounded from below. Here, a blow up argument is used, and an 
analysis of a backward evolving heat- type flow (see also [JT] and [5] ). 

In the paper [3T] , the author extends the results of Yang to the case that the 
manifold is non-compact, and Ricci > — 1 and an LP bound on the curvature holds 
(p > (n/2)) (see also [34]). 

The case that the L(™/ 2 ) curvature is small locally, and and an LP bound on the 
norm of the Ricci curvature exists, is considered in the paper [53]. 

The Ricci flow of compact manifolds with vol > 1, diam < do and Ricci > 
— e(do,n) e(d$,n) small is investigated in [48]. 

3. Methods and structure of this paper 

As explained in the introduction, we shall cheifly be concerned with Riemannian 
manifolds (M, g) which are contained in T(3, fc, m, vq) or 7^(3, k, vq), where these 
two spaces are defined as follows. 

Definition 3.1. We say (M, g) £ T x (n, k, vq) if(M n ,g) is a smooth n- dimensional 
Riemannian manifold satisfying: 

(a) Ricci(g) > k 

(b) vol( 9 Bi(a;)) > v > for all x e M 

(c) sup M |Riem(<?)| < oo. 

We say (M,g) € T(n, k,m,vo) if (a) and (b) are satisfied and the condtion (c) is 
replaced by 

(c) Let f : M — ► K be the exponential function composed with its self m- 
times, and p : M — > the distance function from a fixed base point b, 
p(x) := dist(a;,6). We assume that 
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(ci ) p : M — Bn(b) — > R is smooth for some R > 0, and p is k-concave 
there, that is 

V 2 p<k, 

on M — Bn(b) and 

(c 2 ) 

lim ( sup |Riem(x)|//(r)) = 0. 

r ^°° xeB r (b) 

Let us define T(n, k, m, Do) ( %x>{n, k,Vo) ) as the set of metric spaces (X, dx) 
which arise as the Gromov-Hausdorff limit of sequences whose elements are con- 
tained in T(n, k, m, vq) ( T^n, fc, «o) ). Elements of T(n, k, m, vq) (7^o(n, fc,wo) ) 
can be very irregular, and are not a priori manifolds (as we saw in the two examples 
of the introduction). Nevertheless, they will be length spaces and do carry some 
structure. In the first part of the paper we concern ourselves only with T»(3, fc, vq). 
Assume (X,d x ) € ^»(3, k,v ) is given by (X,d x ) = GR\im l ^ 00 (Mf,d(g i )) for 
(Mi, <7i) G Too(3, k,vo). In order to define a Ricci flow of (X, dx) we will flow each 
of the (Mf,gi) and then take a Hamilton limit of the solutions (see 29J). The two 
main obstacles to this procedure are: 

• It is possible that the solutions (Mi,gi(t)) are defined only for t G [0, Tj) 
where Tj — > as i — > oo. 

• In order to take this limit, we require that each of the solutions satisfy 
uniform bounds of the form 

sup|Riem( 5l (t))| < \c(t)\, V t € (0, T), 

Mi 

for some well defined common time interval (0, T) and some function c : 
(0, T) -> R where sup [R)S] |c| < oo for all [R, S] C (0, T) (c(t) -> oo as t -> 
is allowed). Furthermore they should all satisfy a uniform lower bound on 
the injectivity radius of the form 

ug(Af,ft(to)) > ffo > 

for some i S (0,T). 

As a first step to solving these two problems, in Lemma l4~3l of Section[4]we see that 
a (three dimensional) smooth solution to the Ricci flow (M,g(t)) t& mT) such that 
(M,g(t)) G (3, k, v ) for all t G [0, T) and sup Mx[0 s] \Riem\ < oo for all S < T 
cannot become singular at time T. Furthermore, a bound of the form 

(3.1) |Riem(s(t))| < c -^ply t G [o, T) n [0, 1] 

for such solutions is proved: that is, the curvature of such solutions is quickly 
smoothed out. 

In Section 5 we prove an a priori estimate on the rate (Lemma 15. 1[) at which 
the infimum of the Ricci curvature of a solution to the Ricci flow with bounded 
curvature can decrease. Note: this lemma is a non-compact version of Lemma 5.1 
from gg]. 

Lemma 3.2. Let go be a smooth metric on a 3-dimensional non-compact manifold 
M 3 satisfying 

Ricci (go) > -"Jffo, 



RICCI FLOW OF NON-COLLAPSED THREE MANIFOLDS WITH Ricci > -k 7 

(sec(go) > - j3o) 

for some < £o < j^q, and let (M, g(-, i))tg[o.T) be a smooth solution to Ricci flow 
with bounded curvature at all times. Then 

Ricci( 5 (i)) > -e (l + kt)g{t) - e„(l + kt)tR(g(t))g(t), V t e [0, T) n [0, T"), 

(sec( fl (t)) >-eo(| + **)5(t)-eo(i+fc*)*R(s(*))5(t). v « e [0,T)n [0,7"),) 
(3.2) 

where k — 100 and T' = T'(100) > is a universal constant. 

One of the major applications of this Lemma is: any solution (M, g{-, £))tg[o,T) hi 
Too (3, k, vq) which has bounded curvature at all times and satisfies Ricci(<?o) > — £o 
at time zero, must also satisfy R(g(t)) < (from (|3.ip ) and hence from (|3 . 2[) 

Ricci(g(t)) > -2c £ Vi € (0, T') n (0, T) n (0, 1) 

In Section 6, we consider smooth solutions to the Ricci flow which satisfy 

Ricci > -c , 
|Biem(0(t))|t < c . 

In Lemma 16. 1[ well known bounds on the evolving distance for a solution to the 
Ricci flow are proved for such solutions. 

We combine this Lemma with some results on Gromov-Hausdorff convergence 
and a theorem of Cheeger-Colding (from the paper [10] ) to show (Corollary 16. 2[) 
that such solutions can only lose volume at a controlled rate. 

The results of the previous sections are then used to prove a theorem ( section 
6 ) which tells us how a priori the Ricci flow of an element (M, go) & 7^,(3, k, Vo) 
behaves: see Theorem 17. II 

In Section 8 we show that any (M,g) G T(n, k, m, Vq) can be approximated in 
the GH sense by manifolds {M,g{) £ 7^o(n, fc, «o), i & N. More precisely, we show 
that there exists vq = vo(n, k, m, vq) > and (Mj,<7j) € T^in, k, vo) with 

(gi)\Bi(x ) = g\Bi{x ) 

such that (M,d(gi)) — > (M,d(g)) in the Gromov-Hausdorff sense as i — * oo. This 
section is independent of the rest of the paper, and requires no knowledge of the 
Ricci flow. 

Finally, using the results of the previous two sections, we show that a solution 
to the Ricci flow of (X, dx) exists, where (X, dx) is the Gromov-Hausdorff limit as 
i — > oo of (Mi,d(gi)) where the (Mi, gi) are in T(3, k, m, vq), and that this solution 
satisfies certain a priori estimates. See Theorem 19.21 

Appendix A contains some Hessian comparison principles and the proofs thereof. 
Appendix B contains a result on the rate at which distance changes under Ricci 
flow if the solution satisfies |Riem| < c/t. 

4. Bounding the blow up time from below using bounds on the 

geometry. 

An important property of the Ricci flow is that: 
if certain geometrical quantities are controlled (bounded) on a half open finite time 
interval [0, T), then the solution does not become singular as t /* T and may be 
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extended to a solution defined on the time interval [0, T + e) for some e > 0. As in 
the paper [48], we are interested in the question: 

Problem 4.1. What elements of the geometry need to be controlled, in order to 
guarantee that a solution does not become singular? 

In [45j . it was shown that for (M, go) a smooth non-compact Riemannian mani- 
fold with sup M |Riem(go)| < oo, the Ricci flow equation 

d 

—g = -2Ricci(si), 
30,0) = ,g , 

has a short time solution (M , <?(i))tg[o,T) for some T = T(ko,n) satisfying 
sup|Riem(g(f))| < oo Vi £ [0, T) 

M 

(the compact case was proved by Hamilton in 24J). Using Shi's solution (Theorem 
1.1 of [IS]), we can find a solution (M, <?(i))te[o,T) satisfying 



(4.1) 



(4.2) 



sup M |Riem(flr(t))| < oo V t £ [0, T), 
lim t ^ T sup M |Riem(#(i))| = oo 

T = oo, 

sup M |Riem(<7(t))| < oo V t £ [0, oo). 



Definition 4.2. A solution (M, g{t))te[o,T) t° Ricci flow which satisfies either (|4.1|) 
or (|4.2p is called a maximal solution with bounded curvature (or maximal with BC). 

It was also shown in Shi [45] that if (M, g(t))te\o,T) is a smooth solution with 
T < oo and sup Mx j T) |Riem| < oo, then there exists an e > and a solution 

(M,fc(t)) ie [ 0) T+e) 5 with ft|[o,r) =5|[o,r) 

So we see that a bound on the supremum of the Riemannian curvature on M x 

[0, T) (that is, control of this geometrical quantity) guarantees that this solution 
does not become singular as t /* T, and that it may be extended past time T 
(where we are assuming here that T < oo). In the following lemma, we present 
other bounds on geometrical quantities which guarantee that a solution to the Ricci 
flow does not become singular as t /* T (once again, T < oo is being assumed here). 

Lemma 4.3. Let {M^ n \g(t)) te[0 ^ T) , T < 1 be an arbitrary smooth complete solu- 
tion to Ricci flow satisfying the conditions 

(i) Ricci( 5 (<)) > -fc 2 (K(g(t)) > -fc 2 ), 

(ii) vdl(Bi{x, t j) >v >0 for all x G M, 

(iii) sup M |Riem(5(t))| < oo, 

for all t £ [0, T) ( notation: 1Z refers to the curvature operator). Then there exists 
a cq = co(vo,k) (Co = ca{vo,k,n)) such that 

sup |Riem(<7(f))|t < c , 

M 

for all t £ [0,T). In particular, (M 3< - n \ g(t)) te [ ,T) is not maximal with BC. 
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Proof. Assume to the contrary that there exist solutions (Mi, fl , (i))te[o,T i ) ) Ti < 1 
to Ricci flow satisfying the conditions (i),(ii),(iii) and such that 

sup |Riem( g)\(x, t)t 4 - z ^5 > oo, 

(x,t)eMiX(0,Ti) 

or there exists some j £ N with 

sup \Riem(g)\(x, t)t = oo. 

(x,t)6M j x(0,T j ) 

It is then possible to choose points (pi,ti) £ Mi x [0, Tj) (or in Mj x [0, T}): in 
this case wc redefine Mi = Mj and = Tj for all z G N and hence we do not need 
to treat this case separately ) such that 

\Riem( g)\(pi,ti)U = -s r + sup |Riem( g)\(x, t)t — > oo 

(x.t)eMiX{0,ti] 

as i — > oo where Si — > as i — > oo. Define 

p(-,t) := c-g{-,U + —), 

Ci 

where Cj := |Riem( g)\(pu U). This solution to Ricci flow is defined for < i* + — < 

Ti, that is, at least for > i > — t,c, —: Ai. Then the solution g(i) is defined at 
least for t £ (—Ai, 0). By the choice of (f>i,tj) we see that the solution is defined for 
t > —Ai = — tjCj = — i;|Riem( g)\(pi, ti) — oo. Since ti < X; < 1, we also have 

(4.3) Q 
in view of the fact that 

Ua = ti\Riem(g)\(pi,ti) l ^ oo. 

Fix a constant A £ (-Ai,6\. For any i with -A, < A < i < define s(t, i) := U + -^. 
Then for all such t we have 

iRiem^K-,*) = -|Riem( l9 )|(-, S (i,z)) 

|Riem('ff)|(-,s(t, j)) 
|Riem( 4 5)| (pi,ti) 
_ fi|Riem(ff)|(-,s) t, 
<i |Riem(*gr) | (p,-,*i) s 

S 

= (l+e,:)^ 

ti + i 

^ ( 1 + ^)r— ^ — » 1 

(4.4) 

in view of the definition of (pj,ti), and < s < tj (follows from the definition of s 
and the fact that i < 0), and (|Q|) . Since vol(2?i(p), g(t)) > v > and Ricci > -fc 2 
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(1Z > —n 2 k 2 ) (in the case n = 3 this is true by assumption, in the general case it is 
true as all sectional curvatures are not less then —k 2 ) we have 

00>l(n> Vo) > vol(B r (p),g(f)) > v - (n) Wo) > o V 1 > r > 

(in view of the Bishop Gromov comparison principle) which implies the same result 
(for radii scaled appropriately) for the rescaling of the manifolds: 

(4.5) l(n,v Q ) > ^ B ^f^) > yVFi>r>Q 
Now using 

i. n\ , . vol(B r (p)/g(t)) 

(4.6) i > > wo,VO < r < 1, 

we obtain a bound on the injectivity radius from below, in view of the theorem of 
Cheeger/Gromov/Taylor, [T^] ^the theorem of Checgcr/Gromov/Taylor says that 
for a complete Riemannian manifold (M,g) with |Riem| < 1, we have 

• ■! x ^ vol(g,B r (x)) 

mux, a) > r — — -, 

JV ,y ' ~ vol{g,B r {x)) +w„exp™- 1 ' 

for all r < j: in particular, using that diam (M, g) > N ,N as large as we like, and 
|Riem| < 2 for the Riemannian manifolds in question, we obtain 

s n+l 

inj(x,sO > "07—- — r > c 2 (v ,n) > 

Ls n + ui n exp™ 1 

for s = min((cj„ exp™ -1 )" , |) ^ . 

This allows us to take a pointed Hamilton limit (see |29j). which leads to a 
Ricci flow solution (^i, o, g(t) tS (_ 00 ^)), with |Riem((7(i))| < |Riem(o, 0)| = 1, and 
Ricci > (K > 0), lu > 

In fact the limit solution satisfies 1Z > for n = 3 also, see Corollary 9.8 in [T5] , 

The volume ratio estimates 

(4.7) / > Z2K^M > w - oVr > 0, 



are also valid for (f2, g), in view of 

We now apply Proposition 11.4 of [33] to obtain a contradiction. 

□ 



5. Bounds on the Ricci curvature from below under Ricci flow in 

three dimensions 

The results of this section are only valid in dimensions two and three. 

We prove a quantitative estimate that tells us how quickly the Ricci curvature 
can decrease, if we assume at time zero that the Ricci curvature is not less than 
— 1 and that the supremum of the curvature of the evolving metric is less than 
infinity. This involves modifying the argument from [48j to the case that M is non- 
compact. This result has similarities to the estimate of Hamilton-Ivey (see [28] or 
[31j for a proof of the Hamilton-Ivey estimate, which was independently obtained 
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by R. Hamilton and T.Ivey). For a general heat type equation on a non-compact 
manifold / : M x [0, T] -> R 

^f = \(t)f + af + g(V,Vf) 
/(•,0) = / >0, 

it is well known that the maximum principle does not hold for general solutions /, 
and for general V and a. In the case that a and V are bounded, there are a number 
of maximum principles which can be applied as long as the growth of / is controlled, 
and the evolving metric g satisfies certain conditions (for example \-§^g\ < c ): see 
for example [19], [38]. In the case of Tensors, there are also a number of Theorems 
which present conditions which guarantee that the Tensor Maximum principle of 
Hamilton holds in a non-compact setting: see for example Theorem 2.1 in [37] and 
Theorem 7.1 of [47]. 

In the proof of the lemma below we construct a tensor L which satisfies J^L > 
AL + N where L(-, 0) > and L(x, t) > e > for all x far away from an origin, 
and N(xo,to)(v,v) > for all v which satisfy L(%o, to)(v, v) = 0. This allows us 
to argue exactly as in the proof of the Tensor maximum principle for compact 
manifolds (proved by R.Hamilton in [53]) to conclude that L > everywhere if 
L > at t = 0. 

Lemma 5.1. Let go be a smooth metric on a 3- dimensional (or 2- dimensional) 
manifold M 3 ^ 2 -* satisfying sup M |Riem(go)| < oo, and 

Ricci(go) > ~^jffo (sec( 5o ) > -^<to) 

for some < e < tm- Let {M,g{-,t)) te 

[o,T] ^ e a solution to Ricci flow with 
5(0) = ffo(') and su PAfx[o,T] |Riem(g(t))| < 00. Then 

Ricci(s-(t)) > -£ (1 + kt)g(t) - e (l + kt)tR(g(t))g(t), 
(sec(g(t)) > -e {\ + kt)g{t) - e Q {\ + kt)tR(g(t))g(t)), 

for all t € [0, T) n [0, T') where k — 100 and T' > is a universal constant. 

Proof. The proof is a non-compact version of the proof in [48] . We prove the case 
n = 3 (for n = 2 simply take N = M x S 1 ). 

Define e = e(t) = eo(l + kt), and the tensor L(t) by 

Lij := Ricciy + eRtg tj + eg l j + crfg l j 

where a < Eq and / = e p ( 1 + at )+ at ; p(x.t) := dist(g(t))(xo, x) for some fixed xq, 
and a — 1000n(l + sup Mx [ T j |Riem(g(£))|). We will often write e for e(t) (not to 
be confused with e )- Notice that e < s(t) < 2e , for all t G [0, |) = [0, j^) : we 
will use this freely. Then = (iV + eRtS^ + eSi 3 + crfS^), and as in the paper 
[4"5] . we calculate: 

d d 
(g- t Lh = (AL)ij + Nij — crAfgij + o~( — f)gij 

and is (up to the constant k = 100) the same as the Tensor from the paper [48], 
:= -Qij + 2R ik R jm g km + eRg^ + 2et|Ricci| 2 ffli + ke tRgij + ke g lj - 2L\R ]h 
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where Qij := 6g kl RikRji — 3Ri?,y + (R 2 — 2S)gij. For our choice of a we get 
(g- t L)ij > (AL)jj + N l3 + ^afg t3 

for ta < 1 in view of the Laplacian comparison principle (see the Hessian comparison 
principle in Appendix A), as long as p 2 is smooth in time and space where we 
differentiate. 

In the following, we argue as in the proof of Hamilton's maximum principle, 
Theorem 9.1, [24]. We claim that L t3 (g(t)) > for all t € [0, T). Notice that / has 
exponential growth, and the other terms in the definition of L are bounded. This 
guarantees that L > outside a compact set. Hence if Lij(g(t)) > is not the 
case, then there exist a first time and point (po,to) and a direction w Pa for which 
L (g(t))(w Po ,w Po )(p ,t ) = 0. 

Choose coordinates about po so that at (po,to) they are orthonormal, and so 
that Ricci is diagonal at (j>o,to) with eigenvalues A < p < v. Clearly L is then 
also diagonal at (po, h) with L\\ = A + e(i )ioR + e(*o) + f / < £22 < L 33 , and so 
£11 = 0, (otherwise L(po,to) > : a contradiction). In particular, 

N n (p ,t ) = {n- vf + X(p + v) + 2et\ 2 + 2etp 2 + 2etv 2 
+eRgij + ke tRg lj + ke^gij 

(5.1) 

in view of the definition of Q (see [24] Corollary 8.2, Theorems 8.3,8.4) and the fact 
that Ln = 0. As in (48], we will show that A\i(poj to) — Nn(p Q , to) + §<r/(po, to) > 
which, as we will show, leads to a contradiction. Notice that R(-,0) > — £0 and 
su Pmx[o,t] |Ri em l < a on [0,T) implies that R(-,i) > — £0 f° r all t e [0,T) from 
the non-compact maximum principle for functions ( this may be seen as follows: i) 
t|(R + £ + <jf) > A(R + £ + erf) and (R + e + <rf){x, ■) > for d(x,x ) large 
enough, where here / is as above, ii) this implies R > — £0 — erf for all t S [0, T), 
iii) a > was arbitrary). Then Ln = => A = — £toR — £ — cr/ < for to < 1, 
and hence p + f > R > — e. We will use these facts freely below. Substituting 
A = — et R — £ — erf (at (po, t ) ) into (|5.1[) . we get 

A^iiOo^o) = (M-w) 2 + (-£t R-£-ff/)(M + ^) + 2£t (A 2 +/i 2 + ^ 2 ) 
+£R + keotRgij + keo 

> e* (-(A + A« + ^)(/i + f) + 2A 2 + 2/x 2 + 2z/ 2 ) - (e + cr/)(// + 1/) 
+£R + /c£oioR + kso 

= et (-(X + p + v){p + v) + 2A 2 + 2p 2 + 2v 2 ) 
+ (— e 2 to + keot )R — £ 2 — aef + fc£ — <jf{p + 

> rt (A£ + 2A 2 ) 

-afz + (k - l)e - £7/(/i + f), 



where here we have used that R > — e and — A(/z + z/) > A£ in the last inequality 
(which follows from p + v > R > — e and A < 0). Hence 

(5.2) JV u (po,to) + |o-/ > 0, 

since /1 + z/ < ^ . 

The rest of the proof is standard (see [53] Theorem 9.1): extend w(po,to) = 
■fSrr(po,to) in space to a vector field w(-) in a small neighbourhood of so that 
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9 ^Vw(-)(p ,t ) = 0, and let w(-,t) = w(-). Then 
d 

0> {-^L(w,w))(p ,t ) > (AL(w,w))(po,t ) + N(w,w) > 0, 

which is a contradiction. 

If p 2 is not differentiable at (po,to) then we may use the trick of Calabi: 
let 7 : [0,1 — p(po,t)] — » M be a Geodesic from xo to p realising the distance: 
and parametrised by distance, so that p(j(s),t) = L{(7|[o )S ]) = s, where L t is the 
length of a curve measured using g(t)). Since p is not differentiable at po it must 
be that po is a cut point of x . Set p(x, t) := p{j{r), t) + dist(<?(t))(7(r), x) for some 
small fixed r > 0. Then in a parabolic neighbourhood of (po, to), p is smooth. 

Furthermore, from the triangle inequality, p(x,t) > p(x,t). Also, p(po,to) = 
p(p ,t ). Define L by 

Lij := Ricciy + erRtfl^ + eg^ + afgij, 

where ] — eP ( 1 + at )+ at . Then we have just shown that L > L and that L(j>o, to) = 
L{po,to) and so we argue with L instead of L. At (po,to) we have < and 
^P 2 < ^ (if we choose r small enough) : that is p and p satisfy the same inequalities 
at {po,to) (up to the constant 50). 

Hence we may argue as above to obtain a contradiction. 

Now letting a go to zero, we get Ricciy + eRtgij + egij > as long as ta < 1 and 
tk < 1. But then, we may argue as above starting at to — -, but now with f\ in 
place of /, fx = e P 2 (i+"(*-*o))+a(t-* ) to obtain the same result on [0,2f ] as long 
as tk < 1. Continuing in this way, we see that Ricciy + eUtgij + egij > as long 
as tk < 1. 

The case for the sectional curvatures is similar: from [25] , Sec. 5, we know that 
the reaction equations for the curvature operator are 

^-a = a 2 +/?7, 

d , 

— P = (3 2 + a-f, 

It is shown in [48 (in the proof of the compact version of this Lemma) that (for 
e(t) := |(e + kt)) either -^(a + stR + e) > or 

d 

(5.3) — (a + etR + e)>e(a + (3) + ke tR + ke Q + (a + etR + e)j. 
Also / := e p 2 (i+a*)+at satisfies 

-/>A/ + -/ 
dt J ~ J 2 J 

at the points where / is smooth and ta < 1. So the ordinary differential equation 
for / satisfies 

(5.4) 

at the points where / is smooth and ta < 1. 
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Since / is exponential in distance, the points where a + etR + e + af < is a 
compact set. Hence, if a + etR + e + af > is not true, then there must exist a 
first time and point (po,t) where this fails. At such a point (po,t) we have (from 
([OP and (53)): 

d CL 

— (a + etR + e + af) > e(a + @) + ke Q tR + ke + (a + etR + e)-y + -af 
= e(a + (3) + keotR + keo — crfj + —af 
> 2ea + keotR + keo + ~^f 

(5.5) 

as long as ta < 1, where we have used that a + etR + e = —af, and that I7I < . 
Using a + etR + e = —af again, we get 

2ea + keotR + keo + ~^of = 2e(— etR — e — af) + keotR + keo + ~^f 

> {k-2)e + ^af 

> 0, 

since R > — 3eo is preserved by the flow, and t < \. Hence, inserting this into (|5.5|) 
we get 

d 

— (a + etR + e + af) > 

at a point where a + etR + e + af = 0. Choose an orthonormal basis for the two 
forms at (po,*o) : 1 = (4> 1 )i dx % A dx j ,<j) 2 = (<ft-)ijdx % A dx j ,<f> 3 = (cf) 3 ) l jdx l A dx' } 
(time independent by definition) for which the curvature operator is diagonal, and 
assume that 72-(^> 1 , 1 ) = i2 y (j) 1 ^ 1 ^ is the smallest Eigen- value of the curvature 
operator 1Z. Then we have 

§- t (K l3kl (p, tWWhl +etR + e + af) {poM) 

> (Ai2)« w (po,to)(^)ii(^)w + A(etR + e + af) {po . to) . 

Using the maximum principle, we obtain the result by arguing as in the case of 
the Ricci curvature above (once again, if this inequality is violated at some point 
and first time, then we may need to modify p in order to make sure that it is 
smooth, as in the argument above for the Ricci curvature). □ 

6. Bounding the distance and volume growth in terms of the 

curvature 

The results of this section hold for all dimensions. 
Lemma 6.1. Let (M n , g(t))te[o,T) be a smooth solution to Ricci flow with 

Ricci(g(i)) > -1, 
|Biem(0(t))|t < c . 

(6.1) 
Then 

(6.2) e c ^ n ^~^d( P ,q,s) > d(p,q,t) > d(p,q, S )-c 2 (n,c )(Vt-V^) 
for allO<s<te [0,T). 
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Proof. These results essentially follow from [28], theorem 17.2 (with a slight mod- 
ification of the proof suggested by the editors in 6j : see Appendix B) and [28] . 
Lemma 17.3: see Appendix B for a proof. □ 

Corollary 6.2. Let (M n , <7(£)){£[o,t) be an arbitrary smooth solution to Ricci flow 
(g(0) = go) satisfying the conditions 1 6. 1\ and assume that there exists vq > such 
that 

vol(Bi(x,0)) > w > Vx £ M. 
Then there exists an S = S(co,vq,ti) > such that 

vol(B x (x, t)) > ^ > Vie M, V< e [0, 5) n [0, T). 

Notice that this then implies 

vol(Sr(M)) > v 
r™ ~ 3 
m view o/ the Bishop Gromov comparison principle. 

Proof. If this were not the case, then there exist solutions (M ™, z <?(i))te[o,7i) satis- 
fying the stated conditions and there exist t% £ [0, Tj), i; and points G Mj 
such that vol(Bi(pj, i,)) < A subsequence of (Mi,d( l g(0)),pi) converges to 
(Y,d,p) in the pointed Gromov-Hausdorff limit. Clearly then (Mi, d( l g(U)),Pi) 
also converges to (Y, d, p) , in view of the characterisation of Gromov Hausdorff con- 
vergence given in Corollary 7.3.28 of @J, and the estimates (|6.2p (since ^ — > 0). 
The Theorem of Cheeeger and Colding says that volume is continuous under the 
limit of non-collapsing spaces with Ricci curvature bounded from below: 

lim vol(fli(pi,ti) = TT'OBiCp)) = lim vol(Bi(pi,0). 

i— >oo i — >oo 

But this is a contradiction as we then have 

^ > vol(fli(pi,ti) -> H n (B 1 (p)) = lim vol(Bi(pi,0) > t> . 

O i — ^OG 

□ 

7. NON COLLAPSED NON COMPACT THREE MANIFOLDS WITH CURVATURE 

BOUNDED FROM BELOW. 

The results of this section are only valid for dimensions two and three- 
Theorem 7.1. Let (M,go) be a complete smooth three (or two) manifold without 
boundary in 7^,(3, k, Vq): that is 

(a) Ricci (50) > k, 

(b) vol( 90 Bi(x)) > v a > 0, \/x £ M 

(c) sup |Riem(<7o)| < 00. 

M 

Then there exists an S = S(vq, k) > and K = K(vq, k) and a solution (M, <7(i))te[o,T) 
to Ricci-flow which satisfies T > S, and 

(a t ) Ricci(g(i)) > -K 2 Vt £ (0, T) 

(b t ) vol( 9t S 1 (a;)) > y > 0, Vx £ M,Vt £ (0,T) 

K 2 

(c t ) sup|Riem( ff (<))| < — ,Vt G (0,T) 

A/ t 
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(d t ) e^'^^dip, q, s) > d(p, q, t) > d(p, q, s) - c 2 (n, c )(V~t ~ i/a) 
V < s < t £ (0,T) 

(7.1) 

(note that the estimates are trivial for t = 0). 

Proof. We assume n = 3. The argument for n = 2 is the same. Before proving the 
theorem rigorously, we present a sketch of the proof which leaves out the technical 
details. This should give the reader a clear picture of the structure of the proof. 
As a first step, we scale the metric by a large constant, so that Ricci(go) > — e for 
a small e = e(vo, k) > 0. The condition 

(7.2) vo\( B °B r (x)) > v r 3 V < r < 1 

for some vq = vo(vo,k) > 0, which is true in view of the Bishop-Gromov volume 
comparison principle, remains valid under this scaling. 

Now flow this metric for a maximal amount of time. Let [0, Tm) be the maximal 
time interval for which the flow exists and 

(7.3) inf -voUBfat)) > ^, 

x£M 2 

(7.4) infRicci(5(a;,t)) > -1 

for all t £ [0,Tm)- Using the maximum principle and standard ODE estimates, 
one shows easily that Tm > 0. The aim is now to show that Tm > S for some 
S = S(vq) > 0. From the 14.31 we see that if Tm > 1 then the estimates (at) , (bt) 
and (c t ) are satisfied. So w.l.o.g Tm < 1- From the 14.31 again. 

iRiooCrft)! < ^ 

for all t 6 (0,Tm). Using Lemma 15.11 we see that Ricci > —2eRt — 2e for all 
t £ [0, T') (~l (0, Tm) for some universal constant T" > 0. But these two estimates 
combined imply Ricci > -\ for all t € [0,T') n (0, Tm) if 2ec < \ (we assume 
Co > 1). We assume that we have chosen e small enough, in order that this es- 
timate holds. Similarly, using RT21 there exists a T" = T"(vo,cq) > 0, such that 
vol(Si(x,t)) > 2|a for all t £ [Q,T') n [0,T") n [0, Tm)- If T M < min(T',T"), 
then we obtain a contradiction to the definition of Tm (Tm should be thought of 
as the first time where at least one of the conditions 17.31 or 17.41 is violated). Hence 
Tm > min(T', T") =: S. But then we may use 14.31 again to show that (a t ) , (bt) , 
(ct) are satisfied on (0,5). Scaling back to the orginal etsimates leads to rescaled 
estimates (a*) , (b t ) , (ct) (with other constants), (dt) follows immediately from 
Lemma |6. II Now we prove the Theorem rigorously. 

By the Bishop-Gromov volume comparison principle, we have 

(7.5) vol( s °B r (x)) > v a r 3 V < r < 1, 

for some ilo = vo(vo,k) > 0. Rescale the metric by the constant 1000co so that 
Ricci(go) > ~ £ where e = 100 1 0eo and cq = co(3,— 1,^) is from the Lemma [4.31 
Notice that (|7.5p is still true for this new rescaled metric, as we have scaled by a 
constant which is larger than 1. We denote our rescaled metric also by go. 

From the work of W.Shi (see [45] . main Theorem) we know that there exists a 
solution (M, g(t))t£[o,T) to Ricci flow, with g(0) = go, 

sup |Riem(g(<))| < oo 

M 
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for all t £ [0, T). Without loss of generality, (M, g(i))te[o.T) is a maximal solution 
with BC in the sense of Definition 14.21 Let 2~m be the supremum over all S < T 
such that: 

(7.6) inf vol(Si(as,t)) > ^, 

(7.7) infRicci(c?(a;,t)) > -1 

for all t £ [0, S) n [0, T). First we show that T M > 0. We have bounded curvature 
on compact time intervals, N{8) := sup Mx [ x-S] |Riem(<7(i) ) | < oo, and hence 

(7-8) \§- t 9\<C(N) 

on such time intervals, which implies vo\(Bi(x, t)) > vol(B±(x, 0))(1 — a) for t < H 
H = H(cr,N) small enough (a > is an arbitrary constant). Also, 

d 

—Ricci > ARicci - c(N)g 
dt y ' 

which implies (choose a — a[N,e) large enough) 

^(Ricci + £ exp^ 1+Qt >+ Qt > g) > A(Ricci + e e^ p2< - 1+a ^ +a ^ g) 

for t < K, K = K(N,e) small enough (see argument in the proof of Lemma f5. 1[) 
at all points where p 2 is differentiable. Since Ricci + eexp( p i 1 + at )+ at ) g must take 
its infimum at an interior point, we get (arguing as in the proof of Lemma 15. II for 
some fixed base point xq) Ricci > — 2e for t < K small enough as the base point 
was arbitrary. This means, that the conditions are not violated for a short time. 

Due to Lemma 14.31 we have Tm < T: if Tm = T, then we could extend the 
solution to the time interval [0, T + e) for some small e using the result of Shi 
(see the discussion at the beginning of section 2) and Lemma I4.3( which would 
contradict the definition of T. W.l.o.g. Tm < 1 : otherwise we may apply Lemma 
!4.3l to immediately obtain the result. From the same lemma (Lemma 14. 3p . we know 
that there exists a c = co(^) such that |Riem|(t) < ^r, for all t £ [0,Tm)< Using 
Lemma |5~T1 and the fact that R(i) < ^ (combined with the choice of cq) we see that 
there exists a global constant T' such that Ricci > — \ for all t £ [0, 2m) H [0, T'), So 
the Ricci curvature condition is not violated on this time interval. Furthermore, in 
view of Corollary IS~2I there exists a T" = T"(v ) > 0, such that vol(B 1 (a; ! t)) > 2|a 
for all * £ [0, T") n [0, T) n [0, T M ) for all x £ M. So the volume condition is not 
violated on this time interval. 

From the definition of 2m, T' and T" we have T > T M > min(T", T') =: S(v ) 
So we have a well defined time interval for which the conditions (17.61) and (17.71) 



are not violated. Furthermore, the curvature is like on this time interval. Hence 
we have 

|Riem(<7(i))| < | 

and 

Ricci > -1 

for all t < S. Now we rescale the metric back, to obtain the result: the rescaled 
solution h(-,t) — (l/1000co)g(-, 1000cot) is the desired solution. Its' initial value is 
given by go (go is as in the beginning of the proof of the theorem) and it satisfies 
the required estimates by scaling ( |Riem < y- is a scale invariant inequality, and 
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the estimate 'Ricci > — 1 for all t < S' scales to 'Ricci > — lOOOco for all t < 
Sy(colOOO)'). That the volume of a ball of radius one is larger than vq/2 for the 
evolving metric follows from the corollary of the previous section (after shortening 
the time interval if necessary). The estimate (dt) follows immediately from Lemma 
IO 

□ 

8. CONFORMAL DEFORMATION OF NON-COLLAPSED MANIFOLDS WITH 

Ricci > — 1 

Let (M,g) be a manifold satisfying (b) and (c): 

(b) Ricci > -k, 

(c) vol(Bi(a;)) > v > for all x e M. 

We wish to modify the metric g to a new metric gi so that 

• g = gi on £?*(&), 

• Ricci > —k(k,n,vo), 

• sup M |Riem(gi)| < oo, 

• vol( 9 *Bi(x)) > v (k,n,v ) > for all x € M, 

where b is a fixed origin and i € N. In the next section we will apply the results of 
the previous sections in order to flow the g^s, and then we will take a limit in i of 
the resulting solutions. 

For convenience, we introduce the following notation. 

Definition 8.1. Let h : M.q — > R + be a function. We say that h is a function with 
controlled growth if 

h(x) < (expo expo . . . exp)(x), 

where the function on the right hand side is the composition of exp m times, and 
m is a fixed number in N. We call functions of the type appearing in the right hand 
side an exponential comparison function. 

We require the following help Lemma about exponential comparison functions. 

Lemma 8.2. Let h be an exponential comparison function, < k G R, < p G K. 
Let hi-.R+ -> R+, hi{x) := h((x - We have 

\r\ p + \h(r)\ p + \h'{r)\ p + \h"(r)\ p <c k , p e kh{r) forallreR + , 

My)\ <c k e khi ^ for all 9 el+, 
\K{y)\ <c k e khi ^ f or a u ye M+, 
\h"(y)\ <c k e khdy) for all i <y e M+, 

(8.1) 

for some constants c p , Ck, p , depending on p, respectively k and p, and the function 
h but not on i. 

Proof. The first estimate follows from the definition of an exponential comparison 
function h and the fact that \y\ q < c q ^e k ' y ' for q > 0, for some constant c 9i fc. 
The next estimate follows from the definition of hi and the first estimate: 

hi(y) =h((y-i)\) 

< Ck e kh «y-^ 

= c k e kh ^\ 
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The third estimate may be seen as follows 

Mix)] = \A{x-if + h'{{x-i)%)\ 

<c k \4(x-t)+\ 3 \e kh ^-^\ 
= c k \4(x~i) + \ 3 \e kh ^\ 

= c k \e kh ^\\e kh ^\ 
= c k \e 2kh ^% 

where we have freely used the first estimate. Replacing A; by (fc/2) we obtain the 
desired estimate. The method for estimating (hi)" is similar: 

\h'!{x)\ =|(4(*-z) 3 + ^) 4 ))'| 

= |12(.x - i)\ti{{x - if) + 160 - i)+h"((x - tf)\ 

< 12(x - i) 2 \h'((x - if)\ + 16\(x - i) 6 h"((x - i) 2 )\ 

< c k \e kh{{x - l)i) \ 
= c k \e kh *^\. 

□ 

Definition 8.3. Let (M, g) be a Riemannian manifold and let f(r) := sup Bi m |Riem(g)| 
for some fixed point b G M . We say that (M, g) has controlled geometry at infinity 
if 

• f : M.q — > K. + is a function with controlled growth 

• the distance function p : (M — Bn(b)) — ► M.,p(x) — dist(g)(x,b)is smooth 
for some R > and k — concave there, that is V 2 /9 < kg on (M — Bn(b)). 

Theorem 8.4. Let (M,g) be a smooth Riemannian manifold with controlled ge- 
ometry at infinity satisfying 

(b) Ricci >-k 

(c) vo\(Bx(x)) > v > for all x G M. 

Then there exists a family of smooth Riemannian metrics {gi}, i G N on M satis- 
fying 

gi = g for all x G Bi(p ), 
Ricci(#i) > -c(n, k)gt, 
vol(B\(xo), g%) > vq for all x G M, 
sup 9i |Riem(5i)| < oo. 

M 

Proof. Let 5 << 1 be fixed for the rest of this section. Let <f> = hi for some 
i G N, where hi is as in Lemma 18.21 Note that is a non-decreasing function 
4> : M. + — > M. + . Let b be a fixed base point in M. p : M — > K + is the distance 
function with respect to b: p(x) := dist(x,b). Let xo be an arbitrary point in M 
and set po := p(xq). Let 7 : [0, po] — > M be a minimizing geodesic from b to 
x (with unit speed). So d(-j(s),j(u)) = \u — s\ for all u, s G [0,po]- As M is 
complete, we may extend this smoothly to a geodesic 7 : [0, 00) — > M. Let r > 
be some positive number: later we will choose r to depend on po ; but at first we 
simply require r to be some positive radius. Let yo := 7(^0 — ( r /2))- In particular 
d(xo,yo) = d(j(po),j(po — (r/2))) = r/2. Due to the triangle inequality we have: 
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d(x, xq) < d(x, yo) + d(yo, xo) = d{x, yo) + (r/2) for all x £ M and hence 

Bsr{ya) C B r (x ). 

Furthermore we have d(x,b) < d(x,yo) + d(yo,b) = d(x,yo) + po — (r/2) for all 
x 6 M and hence 

B Sr (yo) C B P0 (b). 

In particular, using this inclusion and the fact that (f> is non-decreasing, wc have 
(8.2) 0(p(x)) < cf>(po) Vx e B Sr (y ). 

Now set r := e~( 1 ' 2 M p °). We obtain a lower bound for <p(p(x)) — <fi(po) for x € 
Bg r (yo) as follows. 

First note that for all x G Bg r (y ) we have by the triangle inequality 

p(x)=d(x,b) > d(b, y ) - d(x, yo) 

= po - (r/2) - d(x,y ) 
> Po - (r/2) - 5r 
= Po-r(l/2 + S). 

(8.3) 

From the mean value theorem and the fact that p(x) < po for x € Bg r (yo), we get 
\<p(p{x)) - <f>(po)\ = \4>'(zx)\\po ~ p(x)\ 

for some z x g [p(x) 1 p \. From the above (( |8.3|l ). we have that p(x) > po — r(l/2+5). 
Hence, 

\4>{p{x)) - 4>{ Po )\ < 1^(^)^(1/2 + 5). 
Using the third estimate of (|8.ip . and the fact that <f> is non-decreasing, we get 

\<P(p(x)) - 0(po)| < c | e (l/2)0(^)| r(1/2 + 5 ) 

< c |e( 1 /2)0(Po)| r ( 1 / 2 + ( 5) 
= c(l/2 + 5), 

(8.4) 

in view of the definition of r. 

Define g(x) := e^^ x ^ g(x). Balls with respect to g will be denoted with a tilde: 
B s (p) is the ball with radius s and centre p £ M with respect to g. We denote 
distance with respect to g also with a tilde: d(x, y) is the distance with respect to 
g from x to y. The volume form with respect to g is denoted by dp g , and that of g 
with ei/Zg. We wish to show that (M,g) is also non-collapsed. Let x € M be given. 
Now set r = e^ 1 / 2 )"^ ). 

Claim: B$ r (y ) C B 2 (xo)- Let cr : [0, i] — > B$ r (yo) be a legth minimizing 
geodesic of unit speed with respect to g, I < Sr, a(0) — yo, x — a (I) € Bs r (yo)- 
Then 

d(yo,x) =d(y Q ,a(l)) 

< [ y/g(a'(s),a'(s))ds 
Jo 

= t eW>+bWn y /g{o'{s), a'(s))ds 
i 

< 6 (i/2)0(po) f ^g(a'(s),a'(s))ds 
Jo 
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= e (l/2)0(po)/ 

< g(l/2)0(po) ( 5 r 

~ e (l/2)0(p o ) (5e -(l/2)0(po) 

= S<1, 

in view of equation (|8.2[) , the definition of r and the fact that a is distance mini- 
mizing (w.r.t. g). Furthermore 

rpo 

d(yo,x ) < / ^g{Y(s),Y{s))ds 

Jp -(r/2) 
rPo 



e (l/2)0(p( 7 ( S ))) ^ 5 ( 7 '( S ), 7 '( S ))ds 

>Po-(r/2) 

< 6 (i/2)0(po) / Vff(7'(s).7'(s))da 

Jp -{r/2) 
_ e (l/2)<A(po)( r /2) 

= (l/2)e (1/2)0(po) e~ (1/2) * (po) 
= 1/2, 

in view of the definition of r and the fact that 7 is distance minimizing. Hence 

d(x , x) < d(x , y ) + d(x, y Q ) 
< 3/2 

for all x £ B$ r (yo), which proves the claim. 
This means that 

vol(-B 2 (x )) = / d^ig(x) 
Jb 2 (x ) 

> / dflg(x) 

JBsriVo) 



B 5r (yo) 

> f e M)(<KPo)-cW+S)) dfig ( x ) 
JbsAvo) 

= e -(„/2)c(l/2+5) e („/2)(0(p o) ) /" 

JB er {y ) 

in view of the claim and (|8.4[) . Hence 

vol^a^o)) > 5e ( " /2 ^ (po) f dfi g (x) 

JBsAvo) 

(8.5) > de (n/2Wpo) r n S n v Q = cv Q 5 n =: v , 

in view of the non-collapsed condition and the definition of r = e* 1 / 2 M' >0 ). Note: 
c = e _ ( Tl / 2 ) c ( 1 /2+' s ) > is a universal constant which depends only on n and h (the 
exponential comparison function which was used to define 4>). 

The well known formulas for the change of the metric g to g — e' g — ipg (for 
example see equation 13 in Chapter 8 of [IS]) for a function / : M — ► R (where 
here i\) is defined to be ip(x) := e'(x)) are 

n — 2 1 r; — 2 

Ricci,, = Ricci,, - (n - 2)2(V 2 /). iJ + —V.-/V,-/ - -(A/ - -—^V/l 2 )^-, 

Riem„- fci = ^Riem^jy + ^(^(V 2 ?/')*; - 9ji(V 2 ip)ik - gik{^ 2 ^) i + 9u(V 2 ^)jk) 
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+ — ( S'ifcVjV'V/^ - gjfeViVVjV 
+-^{gjkga - g ik gji)g pq V p ijjV q 'ilj, 

(8.6) 

where denotes the gradient of the function /, and (V 2 ^) denotes the second 
covariant derivative of / (which is a (°) Tensor), both w.r.t to g. In the following 
9 1 • | will denote the norm with respect to g. Now let / be f(x) — <j)(p{x)) (this 
implies tp(x) — e^ x > — ) where p is the distance function with respect to 

g, and 4> : K — * K is an arbitrary smooth function. Our assumption of controlled 
geometry at infinity implies that ff |Vp| = 1 on M — Bji(b) and one version of the 
Hessian comparison principle tells us that 

s |V 2 p|(ar) < cp(x)(R B (p(x)) + c(n){k + 1)), 

wherever p is differentiable and larger than one (see Appendix A ) and here R B ■ 
R+ -> R is the function 

(8.7) R B {r) :=r( sup |Riem( 5 )|)e ( " sup ^(-o) \K™{ g )\+l)r _ 

B r {x ) 

The following identities then follow from the definitions of f(x) = 4>(p(x)), and 
= e ^(p) = e f: 



Vif(x) = ^'{p{x))V lP {x) 1 

V*l>{x) = e f (x)(V t f)(x) = i>(x)<f>'(p(x))V iP (x), 
(V 2 /) y (z) = <tf\p(x))Vip(x)V jP {x) + <b'(p(x))(y 2 P )^(x), 

(v 2 ^)ij(x) = ^M'(p(x))\ 2 y l p(x)y J p(x) + ^(x) < p"(p(x))v J p(x)v lP (x) 

+Mx)^(p(x))(V 2 ph(x). 

(8.8) 

Assume that satisfies 

|0' | < ce*/ 8 
|0' | 2 < ce<^ 4 
10" I < ce*/ 8 

(8.9) 

for some universal constant c not depending on k and n (later we will examine 
different 0's but they all satisfy an estimate of the form above for the same constant 
c). Using |Vp| 2 = 1, (|8.8p . (|8.9p and that p is k- concave, we get 

5 |V/| <ce f / 8 , 
(V 2 /) <c(n,fc)e //8 5 . 

Hence 

r) — 2 In— 2 

Ricciy = Ricci y - - (n - 2)2(V 2 /) y - + -^-Vi/V*/ - -(A/ - -^- 9 |V/| 2 ) 5u - 

> - c(n, k)e }/3 gij 

> -c(n,k)gij, 

(8.10) 
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since gij — e ' g^ and / > 0. 

We will assume in the following that 

(8.11) Urn e-W*M r )R B (r + 2) = 0, 

r — >oo 

where R B (r) is the function introduced above in 18.71 We estimate the equalities 
(18. 8ft using the growth properties of <p f (|8.9[) ) as follows 

9 \V^{x))\ 2 < ct/> 9/4 , 

°|VVl(:c) < ^l\x)c{p{x) + 2)(R B (p(x) + 2) + c(n)(k + 1)). 

(8.12) 

Hence, using formula (|8.6[) . we get 

s|Riem| < i|Riem| + ctp~ 2 ij b/i {x){p{x) + 2)(R B (p(x) + 2) + c(n)(k + 1)) 
if) 

+c^" 3 (V' 9/4 ) 

< hmem\ + c^l A {p{x) + 2)(R B (p{x) + 2) + c(n)(fc + 1)) 
— > as p(x) — > oo, 

(8.13) 

in view of (f8TT|) and the fact that ip(x) = e^P^h 

Choose (f> — 4>i, where <fii(r) := h((r — i)1 ) and h is an exponential comparison 
function such that 

lim e- ( - 1/8)h{r) R B (r + 2) = 0. 

Then trivially 

(8.14) lim e- (1/8) *' (r) i? s (r + 2) = 0. 

Note that ^ satisfies 





< ce^ 8 




< ce^ 4 


n\ 


< ce<^ 8 



(8.15) 

as demanded in (|8.9[) . in view of Lemma l8.21 That is, <fi — 4>i satisfies all the required 
conditions of this section. This, EH [8T0] and [8T3] imply that g t (x) := e^ (p(x ^g(x) 
is a metric satisfying 

gi = g for all x € B {l/2 )(po), 
Ricci(gi) > -c(n,k)gi, 
vol(B 1 (xo), gi) > wo, for all x G M 
sup Si |Riem((7i)| < oo, 

M 

as required. □ 
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9. Applications 

Let (M, go) G T(3,k,m,vo) and let (M, go) € 7^(3, k, vo) be the smooth met- 
rics constructed in the previous section : remember that these go satisfy go — 
go for all x E B t (p ). 

Now we may apply Theorem l7.1l to each (M, go) to obtain solutions (M, <?i(i))te[o,T(i 
Too (3, A:, uo) satisfying the a priori estimates. Hence using the local estimates of The- 
orem 1.3 of [49] and the interior estimates of Shi (see [6]), we may take a Hamilton 
limit to get a solution to Ricci flow (M, g(£)te[o,T)) which satisfies the a priori es- 
timates (|7.1[) . Note that the local estimates of Theorem 1.3 in [49 guarantee that 
we may take the limit on the interval [0, T) and not just (0, T). So we have proved: 

Theorem 9.1. Let (M, go) be a three (or two) manifold in T(3, k, m, vo) (T~(2, k, m, vo 
Then there exists aT = T(vo, k, m) > and a solution (M, <?(i))te[o,T) ^° Ricci flow, 
satisfying (|7.ip . 

In a more general setting we prove the following. 

Theorem 9.2. Lei (.Mi, go) <J sequence of three ( or two) manifolds in T(3, fe, m, i>o) 
(T(2,k,m,Vo)) and let (X,dx,x) — ]im4— >00 (Mi,d(go),Xi) be a pointed Gromov- 
Hausdorff limit of this sequence. Let {Mi, g(t))te[o,T) be the solutions to Ricci-flow 
coming from the theorem above. Then (after taking a sub-sequence if necessary) 
there exists a Hamilton limit solution (M, g(t), y)te(o.T) := lim^ 00 (Mi, g(t), Xi) tl z(o,T) 
satisfying (|7.1[) and 

(i) (M,d(g(t)),y) — > (X, dx,x) in the Gromov-Hausdorff sense as t — > 0. 

(ii) M is diffeomorphic to X . In particular, X is a manifold. 

Proof. We apply the Theorem l9.1l to obtain (after taking a subsequence if necessary) 
a limit solution (M, g(t), y)te(o,T) '■= lim l ^ oc (M i , l g(t), £j) te ( 0: T) satisfying the es- 
timates (|7.1I) . We prove that (M, d(g(t)),y) — > (X,dx,x) as t — > as follows. We 
introduce the notation d(t) — d(g(t)) and rfj(t) = d(gi(t)). In view of the Lemma RTTl 
we have d G H((B r (xi),di(tj), (B r {xi),di(0))) < c(r, t) where c(r, £) — > as t — > and 
c(r,i) does not depend on i. Furthermore dciii [B r di(0)), (B r (x), dx)) < l(i,r) 
where l(i, r) — > as ? — » oo, and d G ij{{B r {xi), <2j(i)), (B r (y), d(t))) < s(i, r, t) where 
s(i,r,t) — ► as i — > oo, in view of the fact that (M,di(t),Xi) — > (M,d(t),y) and 
(M^ e?i(0), a;,-) — > (X, dx,x) in GH sense as i — > oo. Hence, since Gromov Hausdorff 
distance satisfies the triangle inequality, we obtain (for r fixed): 

d GH ((B r (y),d(t)),(B r (x),d x )) 

<d GH ((B r (y),d(t)),(B r (xi),d i (t))) + d GH ((B r (x),dx),(Br(^),d l (t))) 

< d GH ({B r (y), d(t)), (B r (xi),di(t))) + d GH {(B r (x),d x ), {B r {x t ), <fc(0))) 
+d GH {{B r (x t ),d l (t)), (B r (xi), di(0))) 

< s(i,r,t) + l(i,r) +c(r,t). 

Letting i — + oo (t and r fixed), we get 

d GH ((B r (y), d(t)), (B r (x),d x )) < c(r, *), 

in view of the properties of s(i, r, i) and r), and hence {M, d(g(t)), y) — > (X, e?x, a;) 
as t — > since c(r, t) — > as i — > 0. 

Finally we show that (M,d(t),y) is diffeomorphic to (X, d, x) for all £ E (0,T). 
The limit solution satisfies the estimates (|7.1j) . So d(U)(p, q) is a Cauchy sequence 
in i for any sequence U — > 0. In particular, we obtain a limit as i — > oo: let 
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us call this limit l{p,q). Clearly l(p,q) does not depend on the sequence U we 
choose. £(•, •) satisfies the triangle inequality, as d(t)(-, •) does, for all t > 0. Also 
l(p,p) = lim t ^o d(p,p, t) = 0. Furthermore: l{p, q) > for all p =/= q: 

KPiQ) =hmd(s)(p,q) 

s—>0 

> lime c ^ C0 ' n ^ s - lS >d(l)(p,q) 
(9.1) =er Cl( * C0 ^d(l)(p,q) > 0. 

That is, / is a metric. From the above estimates (|9.ip . we see that d(t)(-, •) — > ■) 
as t — » uniformly on compact sets K C M (compact with respect to <i(t) for any 
f) . This implies that (M, d(t),y) — ► (M, I, y) as t — ► in the C° sense on compact 
sets. 

Now we show that the metric / defined on the set M defines the same topology 
as that of (M, d(t)) for any t. First note that all of the (M, d(t)) for t > have the 
same topology: (M,g(t)) are smooth Riemannian metrics with bounded curvature 
evolving by Ricci flow and are all equivalent. Let us denote this topology by O. 
We denote the topology coming from (M, I) by O. 

We use the notation B r (x) to denote a ball of radius r > at x € M with 
respect to the metric I, and (as usual) ' B r {x) to denote a Ball of radius r > 
at x £ M with respect to the metric d(t). From the above inequalities and the 
definition of / we have 

(9-2) mB (r-c 2 Vi) (P) c * B r(p) C m B re ^(p) 

for all p € M. 

For any open set {/ in O we therefore have 

where r(p) > is chosen small so that l B r ^(p) C C/ and > is chosen small 

so that r(p) — C2\Jt{p) > 0. Hence, U is in O. Now assume V G O. Then, using 
the estimate 19.21 again, we see that 

V =U pe v m B r{p , t) (p) 

i 

= U pe y S r ( Pi t) e -cit(p), 



where r(p,t) is chosen small so that ^ B r ( p ^(p) C V. Hence V <E<D. Hence, the 
identity from (M,l,y) to (M, d(t),y) is a homeomorphism. We already showed 
that (M,d(t),y) — > (X, dxj^) as f — » ((X, dx,x) was defined by (X, dx,x) :— 
limj_ >00 (Mj, dj(0), Xj)). Hence (X, dx,x) = (M,l,y), and (X, dx,x) is homeomor- 
phic to (M, y). In three dimensions every manifold has a unique smooth max- 
imal structure. This finishes the proof. □ 

We formulate the last result of the theorem above in a form independent of the 
Ricci flow. 

Proposition 9.3. Let (Mj,^) be a sequence of smooth 3-manifolds (2-manifolds) 
in T(3,k,m,Vo) (T(2,k,m,Vo)) and (X,dx,x) be a Gromov-Hausdorff limit of 
(Mi,d(gi),Xi) (such a (X,dx,x) always exists after taking a subsequence). Then 
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• (X, dx ) is a manifold. 

• i/diam (Mi, gi) < do < oo for all i £ N , then Mi is diffeomorphic to X for 
i £ i sufficiently large. 

As a corollary to this result and Theorem 19.21 and Lemma 15.11 we obtain the 
following corollary. 

Corollary 9.4. Let (Mi, g ),i £ N be a sequence of three (or two) manifolds with 
(Mi, <7 ) £ T(3, — j, m, vq) (T(2, —I, m, vq)) for each i £ N: note this implies 

Ricci(Mi, * 5o ) > --. 

Let (X,dx) = GH]im.i—y OO (Mi,d(g )). Then the solution (M, g(t), x)te(o,T) ob- 
tained in Theorem \9.1\ satisfies 

Ricci(s(t)) > 

for all t £ (0,T) and (X,dx) is diffeomorphic to (M,g(t)) for all t £ (0, T). Ln 
particular, combining this with the results of Shi [46j and Hamilton [24] , we get that 
(X,dx) is diffeomorphic to I 3 , § 2 x R or S 3 modulo a group of fixed point free 
isometries in the standard metric. 

10. Hessian comparison principles 

Let p : M := M — cut (p) — > R be the distance function from some fixed p, 
p(x) := dist(p, x), and let q £ M. Let 7 : [0, 1] — ► M be the unique minimizing 
geodesic from p to q with |7'(i)| = 1 for all t £ [0, 1]. We denote the set of smooth 
vector fields along 7 by T 7 M: V £T 1 M means V : [0, Z] — * TM is smooth with 
V(s) £ T l(s) M for all s £ [0, /]. V : [0, 1] -> TM will denote the vectorfield along 7 
obtained by taking the covariant derivative ofV along 7: see the book of do Carmo 
[T7] for an explanation. Let X q £ T q M be normal to 7. It is well known (see [44] 
chapter 1) that p is differentiable on M, and that Vp(g) = j'(l) and 

(10.1) V 2 P (q)(X q ,X q )= [ 9\X'(s)\ 2 -Riem(g)(X n ',X n ')ds, 

Jo 

where X £ T^M is the unique Jacobi field along 7 such that X(0) = and X(Z) = 
X q (see the Book of do Carmo [17] for a discussion on Jacobi fields). 
The tensor inequality 

V 2 p < c(n, k)g 

in the case that the sectional curvatures are bounded from below by k is well known: 
a proof may be found in (for example) [44] . chapter 1. Here we show how to obtain 
a more general inequality which bounds V 2 p from above and below, for constants 
which depend on the suprmemum of the curvatures in a geodesic Ball fo radius r 
where we are evaluating V 2 p. 

NOTE: To be consistent with the rest of this paper I am using the convention 
that sectional curvatures of a plane spanned by two perpendicular vectors v,w oi 
length one is sec(u,u>) = Riem(w, w, v, w) and that the sectional curvature on the 
sphere is positive (in [44] sec(v,w) — Riem(w, w, w, v) > on the sphere). X is a 
Jacobi field means then that X" — Riem(X, 7', 7') = 0. Let E t £ TjM, i = 1, . . . , n 
be parallel fields (E[ = 0) such that {Ei(t)}f =1 is an orthonormal basis at j(t) for 
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each t G [0,1]. Let fi(s) := g(X(s), £;(s)). Let k := sup{|Riem(7(s))||s G [0,/]}. 
Then the Jacobi field equation implies 

fl'(s) =g(X"(s),E i (s)) 

= Riem(l,y,7',^( S )) 

n 

and hence /(«) := \X(s)\ 2 = £" =1 (/i) 2 (s) satisfies 

n n 

/" = Yl 2/ i / i Riem(^, 7 ', 7 ', 2*) + £ 2((/,)') 2 

i,j=l i= 1 

n 

*,i=i 
= -knf(s). 

This implies that g(s) = e cs /(s) satisfies 

<?"(*) = e cs /"(s)+c e cs /'(s) + c 2 e cs /( S ) 

> (-fcn + c 2 )e cs /(s) + ce cs f (s) 

= (-fcn + c 2 )e cs /(s) + g'(s) - ce cs f(s) 
= (~kn + c 2 -c)e cs f{s) + g'(s) 

> g'(s) 

if for example c = kn + 1. Hence 5 has no local maximum in (0, Z): if it did, we 
would obtain 

> g"(s) > 

which is a contradiction. Now note that 17(0) = and 

g(l) = e {kn+1 Vf(l) = e( fen+1 ^|X(0| 2 = e {kn+1)l 

since X(0) = and X(l) = X(q) and \X(q)\ = 1. This implies that g(s) < e ( kn+1 V 
for all s G [0,/] and hence that f(s) = \X(s)\ 2 < e ^ kn+ ^ 1 for all s G [0,1]. Let 
R B (r) :=rsup Brixo) |Riem( 5 )|e (nsup ^<*o) IR-m( 9 )|+i)r_ ThfiQ) using qjqj^ we get 

V 2 p(?)(X 9 ,X g ) = / »|l'( S )| 2 -Riem( 3 )(l,7',l, 7 ')d S 

> / -fc|l| 2 ds 
Jo 

> -kle {kn+1)l 

> -Rb(1) 

for every q G B r (f))nM as required. The estimate V 2 p(q) < Rb{1) follows by using 
the standard hessian comparison principle (see Chapter 1 44 ), and the fact that 
sec(a;) > -sup Bl ( Xo ) |Riem(x )| for x G Bi(x )). 

11. Estimates on the distance function for Riemannian manifolds 

evolving by rlcci flow 

For completeness, we prove some results which are implied or proved in [2E] and 
stated in [B] as editors' note 24 from the same paper in that book. The lemma we 
wish to prove is 
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Lemma 11.1. Let (M n , <7(i))te[o,T) be a solution to Ricci flow with 

Ricci > -c , 
\Riem(g(t))\t < c 

Then 

(11.1) e c ^ n ^- s U{p, q, s) > d{p, q, t) > d{p, q, s) - c 2 (n, c )(Vt - V^) 
for allO<s<t£ [0,T). 
Proof. The inequality 

d(p,q,t) > d(p,q,0) - ci(n, c )Vi 

is proved in [28], theorem 17.2 after making a slight modification of the proof. If 
we examine the proof there (as pointed out in [B] as editors note 24 of the same 
book), we see in fact that what is proved is: 



d(P, Q, t) > d{P, Q, s)-C VWt), 



where yjM(i) is any integrable function which satisfies 



sup|Riem(-,i)| < M(t). 

M 

In particular, in our case we may set 

M(t) = °j, 

which then implies the inequality d(p 7 q,t) > d(p,q,s) — ci{n, cn)(Vt — \/s). The 
second inequality is also a simple consequence of results obtained in [28] . Lemma 
17.3 tells us that 



^-d(P,Q,t) < - inf / Ricci(T, T)ds, 



where the inf is taken over the compact set T of all geodesies from P to Q realising 
the distance as a minimal length, T is the unit vector field tangent to 7. Then in 
our case Ricci > — Co implies 

^- t d(P,Q,t)<c d(P,Q,t). 

This implies that 

d(P,Q,t) < exp c °(*- s >d(P,Q,s), 
as required. □ 
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